Katětov revisited  by Gartside, P.M. & Reznichenko, E.A.
Topology and its Applications 108 (2000) 67–74
Kateˇtov revisited
P.M. Gartside a,∗, E.A. Reznichenko b
a St. Edmund Hall, Oxford, OX1 4AR, UK
b Moscow State University, Moscow, Russia
Received 9 October 1998; received in revised form 19 April 1999
Abstract
Inspired by results in the theory of compact topological groups, a generalization of Kateˇtov’s
famous metrization theorem: ‘compact spaces with hereditarily normal cube are metrizable’ is
presented. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
The aims of this note are twofold. First, to demonstrate how two results from the theory
of compact topological groups are related to two metrization theorems for (countably)
compact spaces. Second, to give a unified proof of the metrization theorems, and extend
their scope beyond compact spaces.
A compact space X is said to be Dugundji compact if whenever Y is a closed subspace
of a compact zero-dimensional space Z, and f is a continuous map from Y to X, then
there is continuous extension of f over Z. A compact space is said to be dyadic if it is the
continuous image of some generalized Cantor cube 2κ . (See Shakmatov’s survey article of
compact spaces in [5] for further information on dyadic and Dugundji compact spaces.)
It is not difficult to check that every Dugundji compact space is dyadic. Much deeper are
results of Choban, Pasynkov [8] and Uspenskii [11] demonstrating that ‘nice’ compact
subspaces of topological groups are Dugundji.
Theorem (Choban and Pasynkov). A compact Gδ subset of a topological group is
Dugundji.
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Theorem (Uspenskii). A compact retract of a topological group is Dugundji.
Indeed, Uspenskii was able to combine these results by showing: a compact retract of a
Gδ subset of a topological group is Dugundji.
‘Mirroring’ the first two theorems quoted above are two well known metrization
theorems.
Theorem (Chaber). A (countably) compact space with a Gδ diagonal is metrizable.
Theorem (Kateˇtov). A compact space with hereditarily normal cube is metrizable.
Chaber’s theorem is of genuine interest only when the space is countably compact. So
we will concentrate for the present on Kateˇtov’s result, returning to Chaber’s subsequently.
It is convenient to give an alternative description of compact spaces which are the retract
of some topological group. A space X is said to be Maltsev if there is a continuous map M
from X3 to X such that
M(x,y, y)= x =M(y,y, x) for all x and y in X.
If r is a retraction from a topological group G onto a space X, then setting M(x,y, z)=
r(xy−1z) defines a Maltsev operator for X. Sipacheva [10] has shown that the converse is
true for (countably) compact spaces: a compact space is the retract of a topological group if
and only if it is Maltsev. The question of whether every Maltsev space (compact or not) is
the retract of a topological group has recently been answered in the negative by the authors
and Sipacheva [1]. In the course of our work we introduced a particular type of Maltsev
space. A space X is said to be 2-Maltsev if there is a mapM as in the definition of Maltsev
space which additionally satisfies the condition that M(x,y, z) ∈ {x, z}.
Now it is evident that every subspace of a 2-Maltsev space is itself 2-Maltsev. It is also
well known that every non-metrizable dyadic space contains a compact subspace which
is homeomorphic to 2ω1 , hence a copy of any zero-dimensional compact space of weight
no more than ω1; in particular it contains compact non-Dugundji subspaces. Thus every
compact 2-Maltsev space is hereditarily Dugundji compact, and hence metrizable.
To complete the link between the theorems of Uspenskii and Kateˇtov, we require two
results from our joint paper with Sipacheva [1]. We write Π1 for {(x, y, y): x, y ∈X}, Π2
for {(x, y, x): x, y ∈X} and Π3 for {(x, x, y): x, y ∈X}.
(1) A space X is 2-Maltsev if and only if there is a clopen subspace P of X3 \∆ such
that Π1 \Π3 ⊆ P and P ∩Π3 \Π1 ⊆Π2.
(2) A space X is 2-Maltsev if every subspace of X3 is normal and strongly zero-
dimensional.
Observe that the second part follows immediately from the first. Thus we see that a compact
space such that every subspace of the cube is normal and strongly zero-dimensional
is metrizable—a weak form of Kateˇtov’s theorem. Weakening the 2-Maltsev condition
leads to a metrization theorem ‘mirroring’ Uspenskii’s unifying theorem. This gives us
a metrization theorem unifying the results of Kateˇtov and Chaber, and also applicable to
classes of spaces beyond the (countably) compact.
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We use the following notation. For a cover γ of a space X, we write st(x, γ ) for⋃{G ∈ γ : x ∈ G}. A space has countable pseudocharacter if every point is a Gδ . For a
set S, we denote the collection of al l finite subsets of S by [S]<ω .
2. Generalized 2-Maltsev spaces
Let X be a space. We say that X is a generalized 2-Maltsev space if there is a Gδ
subset S of X3 such that Π1 \ Π3 ⊆ S and S ∩ Π3 ⊆ Π2. Evidently a 2-Maltsev space
is a generalized 2-Maltsev space, but additionally, as we now see, every space with a Gδ
diagonal or a hereditarily normal cube is a generalized 2-Maltsev space. Note that any
generalized 2-Maltsev space is T1.
Lemma 1. The space (X,σ) is a generalized 2-Maltsev if there is a coarser topology τ on
X such that one of the following conditions holds.
(1) (a) There is a τ -open set in X3 containing Π1 \Π3 whose closure is disjoint from
Π3 \Π1,
(b) (X, τ)3 \∆ is normal,
(c) ((X, τ)2 \∆)× (X, τ) is normal,
(2) (X, τ) has a Gδ diagonal.
To see this, for condition (1a) take theGδ set in the definition of a generalized 2-Maltsev
space to be the open set mentioned in (1a). Conditions (1b) and (1c) easily imply (1a).
While for condition (2), if the diagonal is a Gδ , then so is Π1 \Π3.
It is convenient to introduce another property of spaces which is implied by ‘generalized
2-Maltsev’, but which refers only to the space (and not its powers). It is in a similar vein to
the characterization of spaces with a Gδ diagonal in terms of a sequence of open covers.
Consider the following property of a space X.
(P) for M ∈ [X]<ω , there exists an open cover γ (M) of X such that if A ⊆ X and
x ∈A \A, then
{x} =
⋂{
st(x, γ (M)): M ∈ [A]<ω}.
Clearly, we may (and will) additionally assume that γ (M) refines γ (L) whenever L is
a subset of M which is in [X]<ω.
Proposition 2. Let X be a generalized 2-Maltsev space. Then X has (P).
Proof. Let S be a Gδ subset of X3 witnessing that X is a generalized 2-Maltsev space.
Write S =⋂n∈ω Sn, where the Sn’s are open. Take any finite subset M of X. If |M|6 1,
then set γ (M)= {X}. Otherwise, for each point x in X, choose an open neighborhoodUx
of x such that, for every y ∈M \ {x}, and every i < |M|, {y} ×Ux ×Ux ⊆ Si , and set
γ (M)= {Ux : x ∈X}.
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We show that these γ (M)’s satisfy the condition (P). So suppose x ∈ A \ A, and
z ∈⋂M∈[A]<ω st(x, γ (M)). This means that for each M ∈ [A]<ω there is a wM ∈X such
that {y} × UwM × UwM ⊆ Si and x, z ∈ UwM , for all y in M \ {wM} and i < |M|. Let
C =⋂M∈[A]<ω UwM . Then for every y in A, {y}×C ×C ⊆ S. So {x}× {x}×C ⊆ S , and
hence C = {x}. Therefore, z= x , as required. 2
The following claim follows from the definition.
Lemma 3. Let X have (P), x be a point of X, and let A be a countable subset of X such
that x ∈A \A. Then x is a Gδ point.
To prepare the way for our extension of the metrization theorems beyond the class of
countably compact spaces, we introduce at this point some more concepts from the theory
of generalized metric spaces. A convenient reference for further information and proofs of
the facts cited below is Gruenhage’s survey article on generalized metric spaces in [6].
A space is an M-space if there is a continuous closed map, whose fibres are countably
compact, from the space onto a metrizable space. It is known that an M-space is
paracompact if and only if it admits a perfect map onto a metrizable space. Clearly, every
countably compact space is an M-space.
A σ -space is one with a σ -closed discrete network.
Now we consider Σ-spaces. A space X is a (strong) Σ-space if there is a σ -discrete
collection F , and a cover C of X by closed countably compact (compact) sets, such that,
whenever C ∈ C and C ⊆ U open, then C ⊆ F ⊆ U for some F ∈ F . Of course, any
property which makes countably compact spaces compact will make a Σ-space a strong
Σ-space. Every (paracompact) M-space is a (strong) Σ-space. Every σ -space is a strong
Σ-space.
The weakest condition we consider is that of a β-space. A space (X, τ) is a β space if
there is a function g :ω×X→ τ such that x ∈ g(n, x) and any sequence 〈xn〉 has a cluster
point whenever there is a point x in every g(n, xn). Every Σ-space is a β-space.
The final definition we require is that of a Wδ-space. These are related to spaces with a
Gδ diagonal. A space (X, τ) is Wδ if there is a tree T of height ω and a map G :T → τ
such that
(1) G(T0)= {G(t): t ∈ T0} covers X where T0 is the lowest level of T ;
(2) for each t in T , G(t)=⋃{G(t ′): t ′ is an immediate successor of t};
(3) if b is a branch of T , and x ∈⋂t∈b G(t), then {x} =⋂t∈b G(t).
It is not difficult to show that a compact space which isWδ , is metrizable. It is also known
that a strongΣ-space which isWδ , is a σ -space, and a paracompactM-space which is Wδ ,
is metrizable.
Theorem 4. Let X be a regular β space. Suppose, X has (P) and its pseudocharacter is
countable. Then X is a Wδ-space.
Proof. For each finite subset M of X, fix an open cover γ (M) as in the definition of
property (P). Let g(n, x), for x ∈ X and n ∈ ω, be as in the definition of β space. Since
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X has countable pseudocharacter, we may suppose {x} = ⋂n∈ω g(n, x) and g(m,x) ⊆
g(n, x) whenever m> n.
We define a tree forX (as in the definition ofWδ diagonal), (G,T ) say, where T =X<ω ,
by induction on height. Set G(∅)=X. Suppose G(s) is defined for all s ∈X6n. Take any
s = 〈x0, . . . , xn−1〉 ∈X6n, and any x ∈X. Write s a x for 〈x0, . . . , xn−1, xn〉. If x /∈G(s),
then let G(s a x)= ∅. If x ∈G(s), then define G(s a x) to be any open set containing x
such that
(1) G(s a x)⊆G(s),
(2) G(s a x)⊆ g(n, x),
(3) xi /∈G(s a x) if i < n and x 6= xi ,
(4) G(s a x) is contained in an element of γ ({x0, . . . , xn−1}).
Let s = 〈x0, x1, . . .〉 ∈Xω . We need to show that |⋂n∈ω G(s  n)|6 1. If⋂
n∈ω
G(s  n)= ∅,
then we are done.
So suppose x ∈⋂n∈ω G(s  n). Then x ∈G(s  n+ 1)⊆ g(n, xn) for all n ∈ ω, and by
the β space property, the sequence 〈xn〉 has a cluster point p. By (1),
G(s  n+ 1)⊆G(s  n),
so p ∈⋂n∈ω G(s  n).
Take any point q in
⋂
n∈ω G(s  n). We show that q = p. There are two cases, the first
being when p = xN for some N . Then ⋂n∈ω G(s  n)= {xN } = {p} follows from (2), (3)
and the fact that {xN } =⋂n∈S g(n, xN) for any infinite subset S of ω. For the second case,
when p /∈ {xn}n∈ω, we proceed as follows. Since p is a cluster point of the sequence 〈xn〉,
and p 6= xn for each n, by the (P) property, q /∈ st(p, γ ({x0, . . . , xN−1})) for some N . But
from (4) we see that p and q are both elements of G(〈x0, . . . , xN 〉) which is a subset of
some member of γ ({x0, . . . , xN−1}). This is the required contradiction. 2
Lemma 5. Let X be a countably compact space with (P). Then X is compact space.
Proof. We assume X is not compact, and aim for a contradiction. Then there exists a
maximal centered family F of closed sets such that ⋂F = ∅. For any open cover γ , set
Z(γ )= {x ∈X: there exists F ∈F such that F ⊆ st(x, γ )}.
Claim. For every open cover γ , there exists F ∈F such that F ⊆Z(γ ).
Proof. Suppose not. Then there exists an open cover γ such that F 6⊆ Z(γ ) for F ∈ F .
By induction, define {Fn: n < ω} ⊆F and {xn: n < ω} ⊆X \Z(γ ) such that xn ∈ Fn and
Fn+1 ∩ st(xn, γ )= ∅.
Start by letting F0 ∈ F and x0 ∈ F0 \ Z(γ ). As our inductive hypothesis, suppose,
F0, . . . ,Fn and x0, . . . , xn have been constructed. Put Fn+1 = Fn \ st(xn, γ ). Since xn /∈
Z(γ ), we have (F ∩ Fn) \ st(xn, γ ) 6= ∅ for any F ∈ F . Since F is a maximal centered
family of closed sets, Fn+1 ∈F . Choose xn+1 ∈ Fn+1 \Z(γ ).
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By construction, for n < m< ω, xm /∈ st(xn, γ ). Hence {xn: n < ω} is a closed discrete
subspace of X. This contradicts countable compactness of X. 2
By induction, define {xn: n < ω} ⊆ X and {Fn: n < ω} ⊆ F such that for n ∈ ω,
xn ∈ Fn, Fn+1 ⊆ Fn, Fn+1 ∩ An = ∅, and Fn+1 ⊆ Z(γ (M)) for any M ⊆ An, where
An = {x0, . . . , xn}.
The claim implies that there exists F0 ∈ F such that F0 ⊆ Z(γ (∅)). Take x0 ∈ F0.
Suppose, F0, . . . ,Fn and An = {x0, . . . , xn} are constructed. By the claim, for M ⊆ An,
choose FM ∈F such that FM ⊆ Z(γ (M)). Since ⋂F = ∅, there exists F∗ ∈ F such that
F∗ ∩An = ∅. Put
Fn+1 =
⋂
{FM : M ⊆An} ∩F∗ ∩ Fn.
Take xn+1 ∈ Fn+1. Let x be a cluster point of A = {xn: n < ω}. Then x ∈ ⋂n<ω Fn.
Hence, for M ∈ [A]<ω, x ∈ Z(γ (M)), in other words, there exists PM ∈ F such that
PM ⊆ st(x, γ (M)). Let P =⋂{PM : M ∈ [A]<ω}. Then P ∈ F and P ⊆ st(x, γ (M)) for
M ∈ [A]<ω. Since X has (P) and x ∈A \A, we have
{x} =
⋂{
st(x, γ (M)): M ∈ [A]<ω}.
Therefore, P = {x} and x ∈⋂F 6= ∅. This is our desired contradiction. 2
Theorem 6. Let X be a regular space with (P).
(1) If X is countably compact, or more generally an M-space, then X is metrizable.
(2) If X is a Σ-space, then X is a σ -space.
Proof. We start with part (1), and suppose that X is a countably compact space with
property (P). Take any non-isolated point x of X. Let X′ = X \ {x}. The property (P)
is clearly hereditary. Then, as x is in the closure of X′, from Lemma 5 we see that X′ is
not countably compact. So there is a countable closed discrete subspace A of X′. Since X
is countably compact, A is not closed and discrete in X. Thus x ∈A \A. We deduce from
Lemma 2 that X has countable pseudocharacter. Theorem 4 implies that X is a Wδ -space.
Therefore,X is metrizable.
More generally, assume X is an M-space with (P). By the preceding argument, any
countably compact subspace of X is compact and metrizable. Hence X is paracompact,
and has countable pseudocharacter. Theorem 4 implies that X is a Wδ-space. Therefore,X
is metrizable.
Now suppose X is a Σ-space with (P). As above, any countably compact subspace of
X is a metrizable compact space. This implies that X is a strong Σ-space with countable
pseudocharacter. Theorem 4 implies that X is a Wδ-space. Therefore, X is a σ -space. 2
Combining Lemma 1, Proposition 2 and Theorem 6 gives the following two famous
results as special cases of Theorem 6.
Corollary (Kateˇtov). A countably compact space with hereditarily normal cube is
metrizable.
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Corollary (Chaber). A countably compact space with a Gδ diagonal is metrizable.
We may also derive another related metrization theorem due to Gruenhage [2], and a
generalization subsequently discovered by Gruenhage and Pelant [4]. It is interesting to
note that Gruenhage and Nyikos [3] have an example of a compact space X such that
X2 \∆ is normal, but X is not metrizable.
Corollary (Gruenhage and Pelant). A Σ space X such that X2 \∆ is paracompact is a σ
space.
Proof. Since X2 \∆ is paracompact and locally Σ , X2 \∆ is paracompact Σ . Note that
X is also paracompact Σ . The product of two paracompact Σ spaces is paracompact (see
Theorems 4.14 and 4.16 from Gruenhage’s article in [6]), and a fortiori, normal. Hence
X × (X2 \ ∆) is normal. Now we may appeal to Lemma 1 part (1c), Proposition 2 and
Theorem 6, to show that X is σ . 2
Corollary (Gruenhage). A compact space X such that X2 \ ∆ is paracompact, is
metrizable.
Proof. The product of a paracompact space and a compact space is paracompact, and so, a
fortiori, normal. Hence, if X is as in the statement of the theorem,X× (X2 \∆) is normal.
Now we may appeal to Lemma 1 part (1c), Proposition 2 and Theorem 6, to show that X
is metrizable. 2
3. The pseudocompact case, examples and questions
Every (Tychonoff) countably compact space is pseudocompact, in other words each
continuous real valued map is bounded. Trying to weaken ‘countably compact’ to
‘pseudocompact’ in our results above leads to some interesting questions. To start with,
Mrowka’ s famous Ψ space [7] is not metrizable, despite being pseudocompact and
possessing a Gδ diagonal. On the other hand, the authors are able to prove that if X is
pseudocompact and the setsΠ1 \Π2 andΠ3 \Π2 can be separated by disjoint functionally
open sets in X3 \Π2, then X is metrizable. But this leaves us with an intriguing problem.
Question. Let X be a pseudocompact space so that Π3 \Π2 can be separated by disjoint
open sets in X3 \Π2. Is X metrizable?
Our original proof that countably compact generalized 2-Maltsev spaces are metrizable
used a number of techniques from the theory of compact topological groups. The proof
presented here is more direct and elementary. The heart of our first proof lay in showing that
a countably compact generalized 2-Maltsev space is separable, followed by the proposition
below, and an appeal to Chaber’s metrization theorem.
Proposition 7. Let X be a separable space with (P). Then X has a Gδ diagonal.
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Proof. Let A be a countable dense subspace of X. Put ξ ′ = {{{x}, {X \ {x}}}: x is isolated
in X} and ξ = ξ ′ ∪ {γ (M): M ∈ [A]<ω}. One can check that for x ∈ X, {x} =⋂{st(x, γ ): γ ∈ ξ}. 2
Example 8. If there is a Souslin tree, then there is a 2-Maltsev space which has the
countable chain condition, but which does not have a Gδ diagonal.
Proof. Let T be a Souslin tree. Let S be the standard space associated with T . Then S is
a non-Archimedean Souslin line, hence S is a 2-Maltsev space (Proposition 3 of [1]) with
the countable chain condition (indeed, hereditarily Lindelöf), without a Gδ diagonal. 2
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